S1. Mathematical Description of Möbius Kaleidocycles
Below we show how the problem of constructing a Möbius Kaleidocycle and analyzing its kinematic properties can be translated without approximation to a problem in algebraic geometry. We obtain a coupled system of polynomial equations whose real solution set corresponds to all possible configurations of a closed chain of twisted tetrahedra connected through hinges. There are three main objectives here: we seek to show that:
• there is a critical twist angle below which the system has no real solutions;
• for that critical twist angle the system has only one finite internal degree of freedom;
• kaleidocycles with the critical twist angle always have a topology equivalent to a 3π-twist Möbius band.
Hinge Vector Equations
To describe a kaleidocycle made from N tetrahedra connected through N hinges we consider an open chain of N tetrahedra with N+1 hinges and then identify the terminal hinges 1 and N+1. We follow the treatment of Bates et al. [1, pp. 75-76 ] and express the system of N +1 hinges through unit vectors h i , i = 1, . . . , N + 1, in the direction of each hinge i = 1, . . . , N + 1. The normalization condition reads (1) h i · h i = 1 , i = 1, . . . , N +1 ,
where a · b denotes the conventional inner product between two vectors a and b. Tetrahedron T i has hinges i and i + 1. If these two hinges are twisted by an angle α around the midaxis connecting their midpoints, their inner product must obey (2) h i · h i+1 = cos α , i = 1, . . . , N .
If 0 < α < π, the path closing condition for the chain of tetrahedra can be expressed as
where a × b denotes the conventional 3D cross product between two vectors a and b. Each individual summand m i = h i × h i+1 in (3) defines the direction of the midaxis connecting the midpoints of hinges i and i + 1 of tetrahedron T i . Further, to ensure that hinges 1 and N + 1 are parallel or antiparallel, we require that
where w takes one of the following two values w = −1, for nonorientable (Möbius) topology, 1, for orientable topology.
The nonlinear system (1)-(4) has advantages over other formulations of the problem. For example, instead of using the hinge vectors as variables it is possible to use the hinge angles (that is, their sines and cosines) but the path closing condition (3) then contains a product of N rotation matrices leading to equations including terms of order N in the variables. In our formulation all equations are at most quadratic in the variables (the three scalar equations comprised by (4) are linear).
We fix w = −1 since we are considering the nonorientable topology. The size of the system can be reduced by removing the six degrees of freedom corresponding to rigid body motions (three translations and three rotations). This can be achieved by arbitrarily fixing one of the tetrahedra in space. To fix, say T 1 , we introduce a right-handed orthonormal basis ı = [1, 0, 0] T ,  = [0, 1, 0] T , k = [0, 0, 1] T and align the midaxis vector m 1 with ı and the hinge vector h 1 with . In compliance with the constraints (1) and (2) this prescribes h 1 = [0, 1, 0] T and h 2 = [0, a, b] T , where a = cos α and b = sin α. With (4) that also fixes h N +1 = [0, −1, 0] T , and with (2) for i = N that also fixes the second component of h N = [..., −a, ...] T .
That leaves us with 2N −1 scalar equations (N−2 from (1), N−2 from (2), and 3 from (3)) in the 3N −7 scalar unknowns (the components of all the h i , i = 3, . . . , N minus the second component of h N ). We therefore have an underdetermined system with N − 6 more unknowns than equations; this is in accordance with the simple counting argument for the internal degrees of freedom of a kaleidocycle presented in the main paper.
Comparison of Different Solution Methods
We next discuss several ways to solve a system of polynomial equations and describe the arising problems for our system. We note that our objectives stated above aim for global information about the system, the objective is to obtain the complete solution set such that we can delineate the number of connected components it consists of and what the dimension of each component is.
The undoubtedly preferred way to solve a system of polynomial equations is the analytic approach, where only symbolic manipulations are used to obtain information about the algebraic variety, that is, the solution set of the system. The theoretical foundations for such symbolic approaches involve Gröbner bases, which can be computed, for example, with the computer algebra system Singular [2] . Unfortunately, the complexity of the symbolic computations makes it infeasible to tackle systems with even only 20 unknowns (which would correspond to N = 9), so in our case this approach does not lead anywhere. Nevertheless, there are some promising results based on these symbolic methods for the kinematical analysis of simple model systems, see Arponen et al. [3] .
Beyond symbolic approaches, there is the large field of numerical algebraic geometry which is mainly based on homotopy continuation methods. A detailed introduction together with examples from kinematics is given in Wampler & Sommese [4] . Besides the size of the system (the number of unknowns) which is also critical for homotopy methods, there are two fundamental problems that must be tackled in our case. It is not coincidental that both are mentioned in the final part of Wampler & Sommese [4] entitled "Frontiers": The first one is concerned with the fact that a solution set to a polynomial system is in general complex but we are obviously only interested in the real solutions. Where for isolated solutions ("points") one can simply sort the solution set into complex and real subsets, for positive dimensional solutions ("curves", "surfaces", . . . ) there is no direct way to find the real solution set. The second problem is concerned with "exceptional sets", which may be defined as systems where a parameter (in our case the twist angle α) is set to a value where some exceptional behavior occurs. Examples are overconstrained mechanisms, or as in our case, underconstrained mechanisms. As detailed by Arponen et al. [5] , it is interesting to note that an underconstrained mechanism is characterized by the fact that the corresponding real solution set has a lower dimension than the corresponding complex solution set, showing a relation between the two problems of real sets and exceptional sets. We implemented our system in the well-established homotopy continuation software framework Bertini [6] for different values of N , but the software was not able to classify the solution set.
Solving the Polynomial System
Since the established solution methods described above do not work, we fall back to a general numerical algorithm to find solutions to a system of nonlinear equations: Newton's method. Using the Moore-Penrose pseudo inverse, a generalization for the inverse of a matrix, Newton's method is still applicable when the number of equations does not equal the number of unknowns. If we prescribe a value for N and the twist angle parameter α and write our system of 2N − 1 equations as f (x) = 0, where x denotes the 3N −7 dimensional vector of all unknowns, then we can calculate the Jacobian J(x) = ∂f (x)/∂x explicitly. The generalized Newton's method is then given by the iteration (5) x
with J + denoting the pseudo inverse of J. Given an initial guess x 0 for x we iterate according to (5) until we find an approximate solution x s for which f (x s ) ∞ < ε. We set ε = 10 −15 . Finding "no solution" is defined as not being able to reduce f (x s ) ∞ below ε within 1000 iterations. A "random initial guess" for x 0 is given by random orientations equidistributed on the unit sphere for all unknown hinge vectors. We next describe how this method is used to obtain the desired information about the real solution set of the system.
Finding the Critical Twist Angle. We start with an initial value for the twist angle parameter α = π/2 and a random guess for x 0 and find a solution x 1 s . Then we decrease α by a prescribed step size ∆α = α/100 and use x 1 s as an initial guess to find a new solution x 2 s . Again we decrease α by ∆α and use x 2 s as an initial guess to find a new solution x 3 s and so on. Once we reach an α for which no solution can be found, the step size ∆α is halved and we increase α by that new step size until we find a solution again. Then we halve ∆α again and decrease α until we find no solution and so on. We continue this process until we converge to a critical minimal value α c of the twist angle α with a relative precision p of no more than p = 10 −14 . To make sure that there is no solution below α c we try 10 5 times to find a solution for a value of α = (1 − p)α c each time with a new random initial guess x 0 . If this search is unsuccessful we assume that we have found the critical twist angle α c below which no more real solutions exist (meaning that the chain cannot be closed).
Confirming the Single Degree of Freedom. Having found the critical twist angle α c , we seek further to determine the dimension of the real set of solutions that we have obtained. To do that, we sample the solution set (similar to "sampling a component" in Bertini [6] ) by computing a set of solutions x i s from a set of random initial guesses x i 0 , i = 1, . . . , M . We use M = 10 5 . Then we define a measure d ij = x i s − x j s 2 of the distance between solutions. We find that all solutions can be ordered into a sequence according to the distance d ij , where each solution x i s has exactly two neighbors. The real solution set is therefore one-dimensional, corresponding to a closed curve. Another way to see this is to compute a solution x s from a random initial guess and then to compute a new solution x n s from a random initial guess with the additional constraint that x s − x n s 2 = . We set = 10 −6 . We do this 10 3 times and always find that x n s is equal to one of exactly two solutions corresponding to the two neighbors of x s with distance . This shows that the solution set is locally one-dimensional, corresponding to a single degree of freedom for the Möbius Kaleidocycle.
There are other ways to perform a local dimension test, for example, based on the Macaulay matrix as described by Wampler et al. [7] . But for our case this approach has the same issues as discussed above in Section 1.2.
A completely independent method to find the number of internal degrees of freedom is presented in S3, where we perform a kinematic analysis based on the structure of the equilibrium matrix following the approach of Pellegrino & Calladine [8] . There we confirm that Möbius Kaleidocycles indeed possess only a single internal degree of freedom.
Confirming the Topology of a 3π-twist Möbius Band. The topology of the closed ring of tetrahedra is characterized by the linking number Lk which represents the number of times that the edge and the midline wind around one another. The edge is given by the closed chain of line segments between all terminal points of the hinges (as defined in Fig. 4 of the main paper), the midline by the closed chain of tetrahedral midaxes (the vectors appearing in the sum on the left-hand side of (3)). The linking number is calculated via the discrete form of the Gauss linking integral. Since we set w = −1 in (4) we can only have nonorientable topologies with Lk being an odd integer. For the critical twist angle, we compute 10 5 solutions x s each one with a new random initial guess x 0 . For all solutions we find the same linking number Lk = 3, confirming the topology of a 3π-twist Möbius band. We also performed the same test for a twist angle α = 1.1α c that is considerably larger than the critical one and again only obtained Lk = 3, showing that the result is robust in a (one-sided) neighborhood of α c .
Final Remark. We performed the analysis for N = 7, 8, . . . , 21, 42. Since it is highly unlikely that there is an analytical description of the kinematics for arbitrary N , any analysis will be limited to the investigation of a finite number N of Möbius Kaleidocycles MKN . But the fact that all considered MKN show the same general behavior indicates that this behavior is to be expected for any N .
S2. Explicit Time Parameterization for
Möbius Kaleidocycles
Construction of the Parameterization
The goal is to explicitly describe the time evolution of the hinges h i (t), i = 1, . . . , N + 1 for an N -hinged Möbius Kaleidocycle, where t is the independent time variable. The h i (t) have to satisfy the hinge vector equations, see S1. Since a periodic everting motion in time is expected a parameterization that is 2π-periodic in t is constructed. We define the shift angle
Now we define the functions
with the parameters β 1 , . . . , β Mp and γ 1 , . . . , γ Mq . Then, the evolution of the hinges is given as
where R x/z ϕ is the matrix describing the rotation around the x/z axis by an angle ϕ, and θ is another parameter. Written out, omitting the indication of time dependence, (6) reads (7) h
That (7) satisfies h i · h i = 1 is obvious since all h i are constructed from a unit circle which is only rotated, see (6) . It can also easily be checked that the construction guarantees the nonorientability condition h 1 = −h N +1 . That the other hinge vector equations
are satisfied up to a specified precision is achieved by finding optimal values for the 1+M p +M q parameters θ, β 1 , . . . , β Mp , γ 1 , . . . , γ Mq .
Computation of Optimal Parameters
The parameterization (7) is substituted into the N + 3 equations (8) and (9) which are then evaluated at r times t 1 , . . . , t r randomly chosen from the interval [0, π] (the second half of the time period [π, 2π] does not contain any new information). For the resulting nonlinear system of equations one needs to assure that the total number of equations (N + 3)r at least equals the number of unknowns 1+M p +M q . In practice we used r = 30 which appeared to be a good balance between: (A) Having a strongly overconstraint system with much more equations than unknowns thereby accelerating the convergence of the optimization algorithm and (B) not having too many equations which will generally slow down the computations.
We explicitly calculated the Jacobian of the nonlinear system and employed a generalized Newton method involving the pseudo inverse to solve the problem with initial guesses for the parameters randomly chosen from the interval [0, 0.1]. Once a set of parameters is found we compute the errors
where it is sufficient for ε twist to consider only one pair of hinges, for example, h 1 and h 2 , all other pairs will give the same result since by construction all hinges perform the same motion in time only with a phase shift. The number of necessary terms M p and M q in the expansions is chosen such that a desired error bound is not exceeded by ε twist and ε path . For an error bound of = 5 · 10 −14 the parameters from N = 7 to N = 21 are given in Table 1 .
While technically not a Möbius Kaleidocycle, we also give parameters for the case N = 6 which is simpler because the hinges perform only a planar rotation. Therefore, θ = β = 0 and γ 1 -1.70375237200012e-01 γ 2 7.58298183376160e-03 γ 3 -4.59057674790792e-04 γ 4 3.12084495601435e-05 γ 5 -2.27520183858446e-06 γ 6 9.35391654750429e-08 .
Visualization of Möbius Kaleidocycles Based on the Parameterization
For a visualization of Möbius Kaleidocycle kinematics the tetrahedral corner position vectors are needed. For each hinge i these are two vectors which we denote by a i and b i . First, the hinge mid point position vectors p i are computed by setting p 1 = 0 arbitrarily and using
For the visualization it is likely to be desired that the centroid of all hinge mid point positions
is not moving during the motion. Therefore, the centroid is subtracted from the hinge mid point position vectors
The tetrahedral corner position vectors are then given by
where L is the hinge length. The red vectors in Fig. 4 of the main text correspond to Lh i . Table 1 . Parameters θ, β1, . . . , βM p , γ1, . . . , γM q for N = 7, 8, . . . , 21 guarantying that the errors ε twist and ε path are below 5 · 10 −14 .
3.82230685897292e-06 γ 5 -9.04567897958157e-08 γ 6 2.05722766464039e-08 γ 5 -1.60787672151628e-07 γ 6 3.51200846691094e-09 γ 7 -1.10840919899203e-09 γ 6 7.04542986880364e-09 γ 7 -1.39962198347502e-10 γ 8 6.09631737536526e-11 γ 7 -3.16859187610280e-10 γ 8 5.73055463335373e-12 γ 9 -3.40599526948509e-12 γ 8 8.09800321561059e-12 γ 10 1.91549281359682e-13
73458483212943e-08 γ 6 9.94691860408450e-10 γ 6 8.52980882241889e-10 γ 6 2.00459323261202e-10 γ 7 -3.23500493753184e-11 γ 7 -2.70397646323430e-11 γ 7 -7.52511467082732e-12 γ 8 1. 7.01332387879355e-07 γ 4 6.78648427125500e-07 γ 4 6.59759249973503e-07 γ 5 -1.93086103967947e-08 γ 5 -1.85312244546652e-08 γ 5 -1.78886566829851e-08 γ 6 5.53742603629922e-10 γ 6 5.27086328035053e-10 γ 6 5.04808606665927e-10 γ 7 -1.63333984777647e-11 γ 7 -1.54159156491913e-11 γ 7 -8.26051299943931e-12 γ 8 4.94770751836287e-13 γ 8 4.63300324783842e-13
S3. Maxwell-Calladine Analysis of Möbius Kaleidocycles
Below we perform a kinematic analysis of Möbius Kaleidocycles based on the approach described by Pellegrino & Calladine [8] . For an assembly of bars and pin-joints an equilibrium matrix is set up which represents a local linear approximation of the relation between joint loads and bar tensions. To introduce the procedure we first consider a single configuration of an MK9 whose hinge vectors can be given explicitly. Then we investigate arbitrary configurations for the general case MKN . The general result shows that all but one mechanism in a Möbius Kaleidocycle are infinitesimal and can be stiffened by a single state of self-stress. The one remaining mechanism is finite and corresponds to the single internal degree of freedom manifested by the everting motion.
Configuration of an MK9
In the case of N = 9 due to the threefold rotational symmetry, it is possible to explicitly determine the critical twist angle α K9 c and furthermore to explicitly delineate one specific configuration in terms of the hinge vectors. In this configuration three hinge vectors (h 1,4,7 ) lie in a plane orthogonal to the symmetry axis of the MK9 and make an angle of 2π/3 between them. Below, the symmetry axis is arbitrarily chosen to coincide with the third cartesian component. With
we can define the quantities
Then we introduce a right-handed orthonormal basis ı = [1, 0, 0] T ,  = [0, 1, 0] T , k = [0, 0, 1] T and write the hinge vectors as
It can be demonstrated that this configuration is a solution of the hinge vector equations given in S1.
Equilibrium Matrix Assembly
We follow the framework of Pellegrino & Calladine [8] to investigate the structural mechanics of assemblies of bars and pin-joints. The corners of all tetrahedra in a Möbius Kaleidocycle function as the joints. Pairs of joints which connect neighboring tetrahedra then work as hinges. The bars in a Möbius Kaleidocycle are all tetrahedral edges, where coinciding edges of neighboring tetrahedra (the hinges) are only counted as one bar. To set up the equilibrium matrix A for an MK9 we need the relative positions of all pairs of joints which are connected by a bar. We denote the position vectors for the pair of joints at hinge i by a i and b i , respectively, where i = 1, . . . , 9. Setting the hinge length for this analysis arbitrarily to unity, the relative position vector of the pair a i and b i then obviously is b i − a i = h i , corresponding to the bar which is the hinge i. If tetrahedron i = 1, . . . , 9 is defined by the four corners with position vectors a i , b i , a i+1 , b i+1 (i + 1 modulo 9), the relative position vectors corresponding to the other bars (which are no hinges) in tetrahedron i are given by the four vectors
Geometrically, for example, e ++ i is constructed by first going from a i to the midpoint of hinge i (the term 1 2 h i ), then going along the midaxis (the term h i × h i+1 ) to the midpoint of hinge i + 1, and finally going to b i+1 (the term 1 2 h i+1 ). The equilibrium matrix A then has the structure The ordering of the "bars" and the "joint position vectors" is indicated at the top and the left of the matrix A, respectively. The sign switches for the entries e σσ 9 compared to other e σσ i in A are a direct consequence of the nonorientable topology of the Möbius Kaleidocycle.
Properties of the Equilibrium Matrix
The 54 × 45 matrix A has rank 44. Following the notation in [8] , the MK9 therefore contains m = 10 inextensional mechanisms and s = 1 state of self-stress. Factorizing A = UΣV T through a singular value decomposition, where the singular values in Σ are in descending order, the state of self-stress s is given by the last column of V. The inextensional mechanisms are given by the last 10 columns of U. After separating the six rigid body modes, m int = 4 internal inextensional mechanisms m j int , j = 1, . . . , m int remain. The state of self-stress s together with the internal inextensional mechanisms m j int allows us to calculate the product forces p j , j = 1, . . . , m int which correspond to the loads which can be carried on account of self-stress when the internal inextensional modes are given small displacements (see [8] ). If we now construct a matrix A by supplementing the column space of A with the four columns corresponding to the product forces p j , we find that the 54 × 48 matrix A has rank 47. Therefore, the state of self-stress imparts a first-order stiffness on three of the four internal inextensional mechanisms which are therefore first-order infinitesimal mechanisms. The fourth mechanism is not stiffened by the state of selfstress, it corresponds to the finite mechanism (the single internal degree of freedom) which allows the MK9 to undergo an everting motion.
Analysis for Arbitrary Configurations and General MKN
The analysis above only considers the one specific configuration of an MK9 corresponding to the hinge orientations (12). This local analysis is not sufficient because Möbius Kaleidocycles are mechanisms with a finite mobility and can adopt distinct configurations through the everting motion. Ideally, we therefore would have to perform the analysis above for all configurations during the everting motion and furthermore, for all Möbius Kaleidocycles MKN with N = 7, . . . , ∞. Obviously, we cannot do the analysis for an infinite number of Möbius Kaleidocycles but with the explicit time parameterization (described in S2 in full detail) we can investigate all Möbius Kaleidocycles up to N = 21 in as many configurations along the everting motion as we like. We did this for each MKN, N ≤ 21 in 300 distinct configurations. The result of the analysis is always the same: For an MKN the 6N × 5N equilibrium matrix A has a rank of 5N − 1, corresponding to m = N + 1 inextensional mechanisms and s = 1 state of self-stress. After separating the six rigid body modes, m int = N − 5 internal inextensional mechanisms remain. The 6N × (6N − 6) matrix A , constructed by supplementing the column space of A with the N − 5 columns corresponding to the product forces, has a rank of 6N − 7. Therefore, the state of self-stress imparts a first-order Figure 1 . The bar tensions in an MK9 (left) and an MK7 (right) corresponding to the state of self-stress. One period of the everting motion is shown. The tensions for the first five bars are given, that is a 1 b 1 or "hinge 1" (solid curve), a 1 a 2 and b 1 b 2 or the two "short bars from hinge 1 to hinge 2" (dashed curves) these are the black and white edges in Fig. 4 of the main paper, and a 1 b 2 and b 1 a 2 or the two "long bars from hinge 1 to hinge 2" (dotted curves). The other bars in the kaleidocycle have equivalent tensions corresponding to one of the three "bar families" ("hinge" or "short bar" or "long bar") only that they are phase shifted with respect to the configuration during the everting motion. stiffness on N − 6 of the N − 5 internal inextensional mechanisms which are therefore first-order infinitesimal mechanisms. The one remaining mechanism that is not stiffened by the state of selfstress corresponds to the finite mechanism, the single internal degree of freedom corresponding to the everting motion of a Möbius Kaleidocycle. This analysis represents an approach which is independent of that described in S1, where we show that the real solution set to the polynomial system is one-dimensional. The conclusions of these independent analysis are, however, identical: Möbius Kaleidocycles indeed possess only a single internal degree of freedom.
The distribution of bar tensions corresponding to the state of self-stress are shown for an MK9 and an MK7 in Figure 1 . Only the tensions for five different bars are shown, in fact, there are only three distinct "bar families" in a Möbius Kaleidocycle since all tetrahedra are identical and perform the same motion up to a phase shift during the everting motion (these families are either "hinge" or "short bar" or "long bar", see Figure 1 ). We note that the state of self-stress is always characterized by the long bars being under compression (i.e., negative tension). That this stress state has a stiffening effect makes sense intuitively, as we can conceive of it being realized by making the long bars slightly longer than they are, which leads to tetrahedra which have a twist angle which is slightly lower than the critical twist angle. This "forbidden" ring of tetrahedra which is "just slightly impossible" to close gives an idea of the state of self-stress. All MKN with N ≥ 8 have bar tensions qualitatively similar to MK9. The hinges are always under tension and the short bars are mostly under tension but exhibit two brief intervals during eversion where they are under compression (compare Figure 1) . Only for MK7 (and the six-hinged kaleidocycle) the short bars are always under tension.
S4. Input-Output Relations for the Joint Angles and Energy Evolution
Below we describe a method for deriving the input-output relations for an MK9. Since the resulting expressions are not amenable to analytical treatment, we use numerical methods to plot compatibility paths for the three independent groups of joint angles of an MK9. We also present the corresponding evolution of the elastic bending energy during a full period of the everting motion.
Loop Closure Equation for an MK9
We follow the standard approach of Denavit & Hartenberg [9] as outlined, for example, by Chen et al. [10] , and describe the closure condition of a kinematic chain with N hinges by demanding that the product of the transfer matrices T i(i+1) , i = 1, . . . , N, (i + 1 modulo N ) equals the "flipped" identity matrix F
The necessity of replacing the usual identity matrix by F is a direct consequence of the nonorientable topology of Möbius Kaleidocycles, the terminal hinge N + 1 is in the same position but antiparallel to hinge 1. In this regard, see also supplementary text S1.
We derive the loop closure equations exemplarily for an MK9 because due to its threefold symmetry it is the simplest case (beyond K6) with only three independent groups of joint angles, and we further have an explicit expression for the critical twist angle α MK9 c . Following the standard notation in Chen et al. [10] , the MK9 can be described by the following parameters (15) a i(i+1) = , i = 1, . . . , 9, (i + 1 modulo 9) ,
where is the length of the linkage midaxis and the critical twist angle α MK9 c has been defined in supplementary text S3 (10) . In the sequel, it is convenient to use a = cos α MK9 c (as defined in S3 (10)) and b = sin α MK9 c = √ 1 − a 2 . Due to the threefold symmetry, the joint angles (or kinematic variables) θ i , i = 1, . . . , 9 of an MK9 form only three independent groups and we can set
The transfer matrix for an MK9 then has the structure
and its inverse reads
Now we use (18) and rewrite the closure condition (14) to minimize the number of matrix multiplications
The matrix equation (21) gives rise to 12 nontrivial scalar equations (bearing in mind that the first row of the resulting matrices in (21) is always [1, 0, 0, 0] by construction). These equations are in general of fifth-order in the sines or cosines of the angles θ, ϕ, and ψ and their complexity, namely the large number of different terms appearing, makes them unmanageable for further analytical treatment, as can be seen with the help of a symbolic manipulation program like Mathematica. 
Compatibility Paths for an MK9
Since we were not able to obtain analytical expressions for the input-output relations in a suitable form, we used the explicit time parameterization described in supplementary text S2 to obtain compatibility paths numerically for an MK9. We know that all Möbius Kaleidocycles have a single degree of freedom and that each joint angle of a Möbius Kaleidocycle follows the same evolution (up to a phase shift) during the everting motion. In Figure 2 we show the paths (θ, ϕ) and (θ, ψ). Each path forms a closed loop, allowing the linkage to move continuously, while undergoing the everting motion. Without going into further detail, we note that the compatibility paths in Figure 2 can be approximated quite well by ellipses whose major axes are rotated (either clockwise or anti-clockwise) by 45 • . For example, the paths (θ, ϕ) and (θ, ψ) in Figure 2 are given approximately by (22) θ 2 − θϕ + ϕ 2 = c 2 and θ 2 + θψ + ψ 2 = c 2 , respectively, with a constant c ≈ 71.0977 • . We emphasize again that the expressions in (22) provide only approximations to the actual compatibility paths.
Energy Evolution for an MK9
Given the elastic bending energy (defined in [1] of the main paper), we use the numerical data for the compatibility paths to visualize the energy evolution for an MK9 during a full period of the everting motion. Given the symmetries (18), we can write the energy E normalized by the torsional spring stiffness B as E B = 3 2 (θ 2 +ϕ 2 +ψ 2 ) and plot it in Figure 3 . The energy is maximal if one of the three angles (θ, ϕ, ψ) vanishes, corresponding to the configuration in which three hinges associated with one angle are coplanar. Such a maximum appears six times during a full period of the everting motion. 
